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Mathematics Department, University of Queensland, Queensland 4072, Australia

Received 7 May 1996, in final form 29 August 1996

Abstract. We present an algebraic Bethe ansatz for the anisotropic supersymmetricU model for
correlated electrons on the unrestricted 4L-dimensional electronic Hilbert space⊗L

n=1C
4 (where

L is the lattice length). The supersymmetry algebra of the local Hamiltonian is the quantum
superalgebraUq [gl(2|1)] and the model contains two symmetry-preserving free real parameters;
the quantization parameterq and the Hubbard interaction parameterU . The parameterU arises
from the one-parameter family of inequivalent typical four-dimensional irreps ofUq [gl(2|1)].
Eigenstates of the model are determined by the algebraic Bethe ansatz on a one-dimensional
periodic lattice.

1. Introduction

The supersymmeticU model [4] is an example of a generalized Hubbard model which is
integrable in one-dimension. Integrability of the model was shown through the quantum
inverse scattering method (QISM) using anR-matrix associated with the one parameter
family of typical four-dimensional representations of the Lie superalgebragl(2|1). As a
consequence the model isgl(2|1) invariant and continuously depends on one free parameter,
compatible with the integrability, arising from the underlying representation. Bethe ansatz
solutions of this model have been studied in [11, 9, 12].

In [13] an anisotropic generalization of the supersymmeticU model was proposed and
solved by means of the co-ordinate Bethe ansatz. In this model an additional anisotropy
parameter for correlated hopping terms was introduced which then produces a model with
two free parameters. It was subsequently shown [1, 10] that the anisotropic model can
be derived in the framework of the QISM, thus demonstrating that the model is in fact
integrable; that is, there exists an infinite number of conservation laws for the system.
In this case the model was derived from aUq [gl(2|1)] invariant R-matrix, relating the
anisotropy parameter with the deformation parameterq of the sypersymmetry algebra.

Not only does the QISM provide a means to derive integrable models, it also provides
a framework for analgebraic Bethe ansatz to be applied for the solution of such models.
Our aim in this paper is to pursue such a formulation for the anisotropic supersymmetric
U model. This approach has been discussed in [2] for a system derived from an abstract
Uq [osp(2|2)] ∼= Uq [gl(2|1)] invariant R-matrix. However, nearly all technical details were
not presented. Here we wish to provide a rigorous derivation of the Bethe ansatz equations
(BAE), confirming those given in [13, 2].

† E-mail address: keh@maths.uq.oz.au

0305-4470/96/248053+13$19.50c© 1996 IOP Publishing Ltd 8053
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We now introduce some notation as in [4]. Electrons on a lattice are described by
canonical Fermi operatorsci,σ and c

†
i,σ satisfying the anti-commutation relations given by

{c†
i,σ , cj,τ } = δij δστ , wherei, j = 1, 2, .., L andσ, τ =↑, ↓ . The operatorci,σ annihilates

an electron of spinσ at sitei, which implies that the Fock vacuum|0〉 satisfiesci,σ |0〉 = 0.
At a given lattice sitei there are four possible electronic states:

|0〉 | ↑〉i = c
†
i,↑|0〉 | ↓〉i = c

†
i,↓|0〉 | ↑↓〉i = c

†
i,↓c

†
i,↑|0〉.

By ni,σ = c
†
i,σ ci,σ we denote the number operator for electrons with spinσ on sitei, and

we write ni = ni,↑ + ni,↓. The global Hamiltonian for this model on a one-dimensional
periodic lattice as given in [13] is

H = −
∑
i,σ

(c
†
iσ ci+1σ + h.c.)exp

[
−1

2
(ζ − σγ )ni,−σ − 1

2
(ζ + σγ )ni+1,−σ

]
+

∑
i

[
Uni↑ni↓ + t (c

†
i↑c

†
i↓ci+1↓ci+1↑ + h.c.)

]
(1)

wherei labels the sites and

t = U

2
= ε[2e−ζ coshζ − coshγ )]

1
2 ε = ±1.

The Hamiltonian may be obtained from theR-matrix for the one-parameter family of
four-dimensional representations ofUq [gl(2|1)], which is afforded by the moduleW with
highest weight(0, 0|α). For α > 0 or α < −1, the moduleW is unitary and thus the tensor
productW ⊗ W is completely reducible [3]. We writeW ⊗ W = W1 ⊕ W2 ⊕ W3, where
W1, W2 andW3 areUq [gl(2|1)]-modules with highest weights(0, 0|2α), (0, −1|2α+1) and
(−1, −1|2α + 2), respectively. LetPk, k = 1, 2, 3 be the projection operator fromW ⊗ W

onto Wk. The trigonometric R-matrix, which satisfies the quantum Yang–Baxter equation,
was given in [4] in the form

R̆(x) = qx − q2x

1 − qx+2α
P1 + P2 + 1 − qx+2α+2

qx − q2α+2
P3.

The local Hamiltonian is given by [5]

Hi,i+1 = − (qα+1 − q−α−1)

ln q

d

dx
R̆i,i+1(x)

∣∣
x=0

with

eγ = q eζ = [α + 1]q
[α]q

U = 2[α]−1
q

where

[x]q = qx − q−x

q − q−1
x ∈ C.

We assume throughout thatq ∈ R andq > 0. We stress that the Hamiltonian is Hermitian
only for U > −2; that is, when the underlyingUq [gl(2|1)] representation is unitary.

The global HamiltonianH is solvable by means of the QISM which we will demonstrate
below. The quasi-triangular structure of the affine superalgebraUq [gl(2|1)(1)] allows us
to replace the auxilliary spaceW with the vector representation spaceV to simplify the
calculation of thenested algebraic Bethe ansatz(NABA).

The paper is set out as follows. The graded QISM will be discussed in section 2.
The use of the QISM enables us to obtain expressions for an infinite number of higher
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conservation laws at the quantum level. Section 4 will be the construction of the algebraic
Bethe ansatz for the model. We formulate a set of simultaneous eigenstates of the transfer
matrix using a NABA. The expression obtained for the BAE will be compared with those
given in [2].

2. Graded quantum inverse scattering method

We will construct eigenstates of the Hamiltonian of the one-dimensional supersymmetric
model above, using the QISM. The supersymmetry of the model requires a modification of
the QISM. We use theR-matrix satisfying the graded Yang–Baxter equation and introduce
an L operator constructed directly from theR-matrix of the twisted representation.

The graded Yang–Baxter equation can be written as the operator equation:

Rα1β1,α2β2(x/y)L(x)β1γ1abL(y)β2γ2bc(−1)[β2]([β1]+[γ1])

= L(y)α2β2abL(x)α1β1bc(−1)[β2]([α1]+[β1])Rβ1γ1,β2γ2(x/y) (2)

acting on the spacesV ⊗V ⊗W whereV is the vector module andW is a four-dimensional
module of inequivalent irreps. Greek indices are used to label the matrix spaces, that is the
first two spaces and Roman indices label the quantum space, which is the third space. The
quantum space represents the Hilbert space over a site on the one-dimensional lattice. The
R-matrix acts in the matrix space and it is between the two matrix spaces that the graded
tensor product acts.

The R-matrix acts onV ⊗ V and has the form [14, 7]

R(x) =



A 0 0 0 0 0 0 0 0
0 E 0 C 0 0 0 0 0
0 0 E 0 0 0 −C 0 0
0 xC 0 E 0 0 0 0 0
0 0 0 0 A 0 0 0 0
0 0 0 0 0 E 0 −C 0
0 0 xC 0 0 0 E 0 0
0 0 0 0 0 xC 0 E 0
0 0 0 0 0 0 0 0 −1


whereA(x) = 1−xq2

x−q2 , E(x) = (1−x)q

x−q2 and C(x) = 1−q2

x−q2 which satisfies the Yang–Baxter
equation. TheL operator is constructed in the next section.

3. The L operator

TheL operator will be constructed from aV ⊗W representation where as beforeV denotes
the vector module andW corresponds to the one parameter family of the inequivalent typical
four-dimensional irreps. The weights for moduleV are (1, 0|0), (0, 1|0), (0, 0|1) with the
corresponding weight basis|1〉, |2〉, and |3〉 respectively. On this module theUq [gl(2|1)]
generators act asEi

j = ei
j . We choose the grading for moduleV to be

[1] = [2] = 0 [3] = 1.

The weights for moduleW are (0, 0|α), (0, −1|α + 1) ,(−1, 0|α + 1) and (−1, −1|α + 2)

respectively with basis vectors|a〉, |b〉, |c〉, |d〉. TheUq [gl(2|1)] generators act as

E1
1 = − ecc − edd

E2
2 = − ebb − edd
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E3
3 = αeaa + (α + 1)(ebb + ecc) + (α + 2)edd

E1
2 = ebc

E2
1 = ecb

E2
3 = √

[α]qeab + √
[α + 1]qecd

E3
2 = √

[α]qeba + √
[α + 1]qedc.

We choose the grading for the moduleW to be

[a] = [d] = 0 [b] = [c] = 1.

We note for valuesα > 0 we have

(Ei
j )

† = E
j

i

and the representation is referred to as unitary of type I. Forα < −1 we have

(Ei
j )

† = (−1)[i]+[j ]E
j

i

and the representation is unitary of type II [3].
The tensor product decomposition isV ⊗ W = V1 ⊕ V2, whereV1 has highest weight

(1, 0|α) and V2 has highest weight(0, 0|α + 1). Applying the Baxterization procedure
described in [8] gives thĕR-matrix for thisV ⊗ W representation as

R̆(x) = 1 − xq−2−α

x − q−2−α
P̆1 + P̆2.

In the above theP̆i areUq [gl(2|1)]-invariant operatorsP̆i : V ⊗ W → W ⊗ V . We define
the L operator as

L(x) = P R̆(x) = 1 − xq−2−α

x − q−2−α
P1 − P2 (3)

where P1 and P2 are twisted intertwiners defined byP1 = P P̆1 and P2 = −P P̆2; we
construct them in the following way.

The co-product1 : Uq [gl(2|1)] → Uq [gl(2|1)] is defined by

1(Ei
i ) = 1 ⊗ Ei

i + Ei
i ⊗ 1 i = 1, 2, 3,

1(E1
2) = E1

2 ⊗ q
1
2 (E1

1−E2
2) + q− 1

2 (E1
1−E2

2) ⊗ E1
2

1(E2
1) = E2

1 ⊗ q
1
2 (E1

1−E2
2) + q− 1

2 (E1
1−E2

2) ⊗ E2
1

1(E2
3) = E2

3 ⊗ q
1
2 (E2

2+E3
3) + q− 1

2 (E2
2+E3

3) ⊗ E2
3

1(E3
2) = E3

2 ⊗ q
1
2 (E2

2+E3
3) + q− 1

2 (E2
2+E3

3) ⊗ E3
2.

(4)

Symmetry adapted orthonormal bases may be expressed in terms of|φ1
γ 〉 and |φ1

β〉 for V1

andV2 respectively withγ = 1, ..., 8, β = 1, ..., 4.
The basis forV1 is given by

|81
8(q)〉 = [α + 2]

− 1
2

q (q− 1
2 (α+1)|3〉 ⊗ |c〉 + q

1
2
√

[α + 1]q |2〉 ⊗ |d〉)
|81

7(q)〉 = [α + 2]
− 1

2
q (q− 1

2 (α+1)|3〉 ⊗ |b〉 + q
1
2
√

[α + 1]q |1〉 ⊗ |d〉)
|81

6(q)〉 = |2〉 ⊗ |c〉
|81

5(q)〉 = (q + q−1)−
1
2 (q− 1

2 |2〉 ⊗ |b〉 + q
1
2 |1〉 ⊗ |c〉)

|81
4(q)〉 = [α + 1]

− 1
2

q (q− α
2 |3〉 ⊗ |a〉 + q

1
2
√

[α]q |2〉 ⊗ |b〉)
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|81
3(q)〉 = |1〉 ⊗ |b〉

|81
2(q)〉 = |2〉 ⊗ |a〉

|81
1(q)〉 = |1〉 ⊗ |a〉

(5)

and the basis forV2 is given by

|82
4(q)〉 = |3〉 ⊗ |d〉

|82
3(q)〉 = [α + 2]

− 1
2

q (q− 1
2 (α+1)|2〉 ⊗ |d〉 − q

1
2
√

[α + 1]q |3〉 ⊗ |c〉)
|82

2(q)〉 = [α + 2]
− 1

2
q (q− 1

2 (α+1)|1〉 ⊗ |d〉 − q
1
2
√

[α + 1]q |3〉 ⊗ |b〉)
|82

1(q)〉 = [α + 2]
− 1

2
q (q− 1

2 (α+1)|1〉 ⊗ |c〉 − q
1
2 (1−α)|2〉 ⊗ |b〉

+ q
√

[α]q |3〉 ⊗ |a〉). (6)

So we may express

P1 =
∑

γ

|81
γ (q−1)〉〈81

γ (q)|

whereγ = 1, ..., 8 and

P2 =
∑

β

|82
β(q−1)〉〈82

β(q)|

whereβ = 1, ..., 4 and also note the rules

(|x〉 ⊗ |y〉)† = (−1)[|x〉][ |y〉]〈x| ⊗ 〈y|
(a ⊗ b)(c ⊗ d) = (−1)[b][c](ac ⊗ bd).

We find P1 to be given by

P1 = e11 ⊗
(

eaa + ebb + ecc(D + F) + [α + 1]q
[α + 2]q

edd

)
+e22 ⊗

(
eaa + ecc + ebb(D + F) + [α + 1]q

[α + 2]q
edd

)
+e33 ⊗

(
1

[α + 2]q
(ebb + ecc) + G2eaa

)
+e12 ⊗ ecb(−qD + q−1F) + e21 ⊗ ebc(−q−1D + qF)

+e13 ⊗
(

−
√

[α + 1]qq− α
2 −1

[α + 2]q
edb + GDq

−α−1
2 eca

)
+e31 ⊗

(√
[α + 1]qq

α
2 +1

[α + 2]q
ebd − GDq

α+1
2 eac

)
+e23 ⊗

(
−

√
[α + 1]qq− α

2 −1

[α + 2]q
edc − GDq

−α−3
2 eba

)
+e32 ⊗

(√
[α + 1]qq

α
2 +1

[α + 2]q
ecd + GDq

α+3
2 eab

)
where

D = (1 + q−2 + (q−1 + q)2qα+1[α]−1
q )−

1
2 (1 + q2 + (q−1 + q)2q−α−1[α]−1

q )−
1
2

F = (1 + q2)−
1
2 (1 + q−2)−

1
2
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G = (q + q−1)√
[α]q

andP2 to be given by

[α + 2]qP2 = e11 ⊗ (ecc + edd) + e22 ⊗ (ebb + edd)

+e33 ⊗ ([α]qeaa + [α + 1]q(ebb + ecc) + [α + 2]qedd)

−qe12 ⊗ ecb − q−1e21 ⊗ ebc

+e13 ⊗ (q
α
2 +1

√
[α + 1]qedb − q

α+3
2

√
[α]qeca)

+e31 ⊗ (−q− α
2 −1

√
[α + 1]qebd + q

−α−3
2

√
[α]qeac)

+e23 ⊗ (q
α
2 +1

√
[α + 1]qedc + q

α+1
2

√
[α]qeba)

−e32 ⊗ (q− α
2 −1

√
[α + 1]qecd + q

−α−1
2

√
[α]qeab).

We write

TL(x) = LL(x)LL−1(x)...L1(x)

[TL(x)ab]α1,β1,...,αL,βL
= LL(x)αLβL

acL
...L1(x)

α1β1
c2b

(−1)
∑L

j=2([αj ]+[βj ])
∑j−1

i=1 εαi .

We call T (x) the monodromy matrix and by construction it fulfills the same intertwining
relation as theL operators.

The transfer matrix of the integrable model is given as the supertrace of the monodromy
matrix. This operator is given by

τ(x) = str[T (x)] =
∑

i

(−1)[i]T (x)ii .

The τ(x) form a one-parameter family of commuting operators. The transfer matrix may
be taken as integrals of the motion and we can obtain an infinite number of conservation
laws of the model. It can be employed to construct exactly solvable models in the usual
way.

4. Algebraic Bethe ansatz withBBF grading

We use the matrix from the vector representation as ourR-matrix and theL operator given
above for obtaining the defining equations for the algebra constructed from(2). Represent
the monodromy matrix in the following way

TL(x) = LL(x)LL−1(x)...L1(x)

=
 T11(x) T12(x) T13(x)

T21(x) T22(x) T23(x)

T31(x) T32(x) T33(x)

 . (7)

The transfer matrix is given by

τ(y) = str[TL(y)] = T11(y) + T22(y) − T33(y).

Take the lowest weight state as a reference state (pseudo-vacuum) inW , which we
denote as|0〉k; that is, |0〉k = |d〉. Then the action ofLk(x) on the reference state on the
kth site is

L(x)|0〉k =
 I (x) 0 0

0 I (x) 0
∗ ∗∗ 1

 |0〉k.
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∗ and∗∗ represent complicated values that are not necessary to evaluate and

I (x) = (xq−α − 1)

(xqα+1 − q−1)
.

We find the action of the monodromy matrix on the reference state to be given by

TL(x)|0〉 =
 I (x)L 0 0

0 I (x)L 0
T31(x) T32(x) 1

 |0〉. (8)

We construct a set of eigenstates of the transfer matrix using the technique of the NABA.
The creation operators areT31(x), T32(x) due to the choice of reference state. Thus we use
the following for the ansatz for the eigenstates ofτ(y):

|x1, ..., xn|F 〉 = T3a1(x1)T3a2(x2)...T3an
(xn)|0〉Fan...a1 (9)

where indicesai have values 1 or 2 andFan...a1 is a function of the spectral parametersxj .
The action of these states is determined by the monodromy matrix and the relations(2)

which in essence determine the quantum YangianYq [gl(2|1)] [15]. The relations necessary
for the construction of the NABA are

T33(y)T3a(x) = − 1

E(x/y)
T3a(x)T33(y) + x/y

C(x/y)

E(x/y)
T3a(y)T33(x) (10)

Tab(y)T3c(x) = rcp,bd(y/x)

E(y/x)
T3p(x)Tad(y) + C(y/x)

E(y/x)
T3b(y)Tac(x) (11)

T3a1(x1)T3a2(x2) = ra2b2,a1b1(x1/x2)T3b2(x2)T3b1(x1) (12)

where

r(y) =


A(y) 0 0 0

0 E(y) C(y) 0
0 yC(y) E(y) 0
0 0 0 A(y)

 .

Since [1]= [2] = 0, this R-matrix is essentially not graded and it can be seen thatr(y)

also fulfills a Yang–Baxter equation and can be identified with theR-matrix of the quantum
spin 1

2 Heisenberg (XXZ) model. The diagonal elements of the monodromy matrix act on
the states in the following way:

T33(y)|x1, ..., xn|F 〉 = (−1)n
n∏

i=1

1

E (xi/y)
|x1, ..., xn|F 〉

+
n∑

k=1

(3̆k)
b1...bn

a1...an
T3bk

(y)

n∏
j=1,j 6=k

T3bj
(xj )|0〉Fan...a1 (13)

[T11(y) + T22(y)]|x1, ..., xn|F 〉 = I (y)L
n∏

j=1

1

E
(
y/xj

) n∏
l=1

T3bl
(xl)|0〉τ (1)(y)b1...bn

a1...an
F an...a1

+
n∑

k=1

(3k)
b1...bn

a1...an
T3bk

(y)

n∏
j=1,j 6=k

T3bj
(xj )|0〉Fan...a1 (14)

whereI (y) is defined above and

τ (1)(y)b1...bn

a1...an
= str[T (1)

n (y)] (15)
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that is

τ (1)(y)b1...bn

a1...an
= str

[
L(1)

n (y/xn) L
(1)

n−1 (y/xn−1) ...L
(1)

2 (y/x2) L
(1)

1 (y/x1)
]
.

We have

[L(1)
k (x)]ij =

∑
rik,j lekl .

(16)

So the operatorsL(1) and r(y) can be interpreted as theL operator andR-matrix of the
XXZ model. HenceT (1)

n (y) and τ (1)(y) are the monodromy and transfer matrices for the
corresponding model with inhomogeneitiesxi , i = 1, ..., n. The eigenvalue condition

τ(y)|x1, ..., xn|F 〉 = µ(y, {xj }, F )|x1, ..., xn|F 〉
leads to the requirement thatF be an eigenvector of the nested transfer matrixτ (1)(y), and
that the unwanted terms,3k, 3̆k cancel. That is,

[(3k)
b1...bn

a1...an
− (3̆k)

b1...bn

a1...an
]Fan...a1 = 0.

These values are computed in appendix A. This leads us to the conditions on the spectral
parametersxj and coefficientsF , necessary for eigenvalue condition to hold. This equation
simplifies to

[I (xk)]
−L(−1)n

n∏
i=1,i 6=k

E(xk/xi)

E(xi/xk)
F bn...b1 = τ (1)(xk)

b1...bn

a1...an
F an...a1

k = 1, ..., n. (17)

The next step in the NABA is to solve the nesting. The condition thatF be an eigenvector
of τ (1)(y) requires the diagonalization ofτ (1)(y), which can be acheived by performing a
second, nested Bethe ansatz. We write the monodromy and transfer matrices as follows,

T (1)
n (y) =

[
T

(1)

11 (y) T
(1)

12 (y)

T
(1)

21 (y) T
(1)

22 (y)

]
(18)

τ (1)(y) = T
(1)

11 (y) + T
(1)

22 (y).

Obtaining, as before, the equations from the relation(2) necessary for the NABA we have

T
(1)

11 (y)T
(1)

21 (x) = A(y/x)

E(y/x)
T

(1)

21 (x)T
(1)

11 (y) − C(y/x)

E(y/x)
T

(1)

21 (y)T
(1)

11 (x) (19)

T
(1)

22 (y)T
(1)

21 (x) = A(x/y)

E(x/y)
T

(1)

21 (x)T
(1)

22 (y) − x/y
C(x/y)

E(x/y)
T

(1)

21 (y)T
(1)

22 (x) (20)

T
(1)

21 (x)T
(1)

21 (y) = T
(1)

21 (y)T
(1)

21 (x). (21)

For the reference states, choose

|0〉(1)
k =

[
0
1

]
|0〉(1) = ⊗n

k=1|0〉(1)
k .

The action of the nested monodromy matrixT (1)(y) on the reference state is

T
(1)

11 (y)|0〉(1) =
n∏

j=1

E
(
y/xj

) |0〉(1)

T
(1)

22 (y)|0〉(1) =
n∏

j=1

A
(
y/xj

) |0〉(1). (22)
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We choose the following ansatz for the eigenstates ofτ (1)(y):

|x(1)

1 , ..., x(1)
n1

〉 = T
(1)

21 (x
(1)

1 ), ..., T
(1)

21 (x(1)
n1

)|0〉(1).

These states can be related to the coefficientsFan...a1 by noting that the state|x(1)

1 , ..., x(1)
n1

〉
exists on a lattice ofn sites and is thus an element of a direct product overn two-dimensional
Hilbert spaces. The action ofτ (1)(y) on the states is computed as before from the relations
(2). We obtain

T
(1)

22 (y)|x(1)

1 , ..., x(1)
n1

〉 =
n1∏

i=1

A
(
x

(1)
i /y

)
E

(
x

(1)
i /y

) n∏
j=1

A
(
y/xj

) |x(1)

1 , ..., x(1)
n1

〉

+
n1∑

k=1

(3̆k)
(1)T

(1)

21 (y)

n1∏
j=1,j 6=k

T
(1)

21 (xj )|0〉(1) (23)

T
(1)

11 (y)|x(1)

1 , ..., x(1)
n1

〉 =
n1∏

i=1

A
(
y/x

(1)
i

)
E

(
y/x

(1)
i

) n∏
j=1

E
(
y/xj

) |x(1)

1 , ..., x(1)
n1

〉

+
n1∑

k=1

(3k)
(1)T

(1)

21 (y)

n1∏
j=1,j 6=k

T
(1)

21 (xj )|0〉(1). (24)

The eigenvalues forτ (1)(y) are found to be

τ (1)(y)|x(1)

1 , ..., x(1)
n1

〉 =
 n1∏

i=1

A
(
y/x

(1)
i

)
E

(
y/x

(1)
i

) n∏
j=1

E
(
y/xj

)

+
n1∏

i=1

A
(
x

(1)
i /y

)
E

(
x

(1)
i /y

) n∏
j=1

A
(
y/xj

) × |x(1)

1 , ..., x(1)
n1

〉. (25)

Inserting this into equation(17) for y = xk we have the first of the Bethe equations

(−1)nI (xk)
−L

n∏
j=1,j 6=k

E
(
xk/xj

)
E

(
xj/xk

) =
n1∏

j=1

A
(
x

(1)
j /xk

)
E

(
x

(1)
j /xk

) n∏
i=1,i 6=k

A (xk/xi)

k = 1, ..., n. (26)

To ensure that we have the eigenstates of the transfer matrix for the nesting we must have

the unwanted terms̆3k

(1)
, 3

(1)
k cancelling and these values are computed in the appendix.

The resulting equations after some simplification is the set of Bethe equations for the nesting
as follows:

n1∏
j=1,j 6=k

A
(
x

(1)
k /x

(1)
j

)
E

(
x

(1)
k /x

(1)
j

) n∏
i=1

E
(
x

(1)
k /xi

)
=

n1∏
i=1

A
(
x

(1)
i /x

(1)
k

)
E

(
x

(1)
i /x

(1)
k

) n∏
j=1

A
(
x

(1)
k /xj

)
k = 1, ..., n1. (27)

n andn1 can be identified as the total number of electrons (Ne) and the number of spin-down
electrons (N↓) respectively. With some substitution and simplification the Bethe equations
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reduce to the following[
(xq−α − 1)

(xqα+1 − q−1)

]−L

=
N↓∏

j=1,j 6=k

xk − x
(1)
j q2

q(xk − x
(1)
j )

k = 1, ..., Ne (28)

N↓∏
j=1,j 6=k

−x
(1)
i + x

(1)
k q2

x
(1)
k − x

(1)
j q2

=
Ne∏
i=1

xi − x
(1)
k q2

q(xi − x
(1)
k )

k = 1, ..., N↓. (29)

The eigenvalues of the transfer matrix are given by

µ(y, {xj }, F ) =
[

(xq−α − 1)

(xqα+1 − q−1)

]L Ne∏
j=1

y − xjq
2

q(xj − y)
µ(1)(y)

−
Ne∏
i=1

xi − yq2

q(xi − y)
(30)

µ(1)(y) =
N↓∏
i=1

x
(1)
i − yq2

q(x
(1)
i − y)

Ne∏
j=1

(xj − y)q

y − xjq2

+
N↓∏
i=1

y − x
(1)
i q2

q(y − x
(1)
i )

Ne∏
j=1

xj − yq2

y − xjq2
. (31)

5. Conclusion

This model has been solved previously in [13] with the use of the co-ordinate Bethe ansatz.
The solution presented in [13] (see equations 6) is the same as the solution obtained above
(28, 29) withx = eic, q = eid and the following substitutions:

λj = 1

2
(ck + d) a = − i

2
d(α + 1)

3α = 1

2
(c

(1)
j + 2d) γ = id.

Similarly the equations (71, 72) in [2] may be obtained with the substitutions:

uk = i(ck + d) vj = i(c
(1)
j + 2d)

γ = −d b = −(α + 1

2
).

Substitutingx = qθ and taking the limitq → 1 in the BAE, we can easily obtain the
BAE for the gl(2|1) model in [9]. The quantum version of this solution on the open chain
will be presented in a future publication.
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Appendix

Here we calculate the unwanted terms following the method set out in [6]. The unwanted
terms are identified by containing a creation operator with spectral parametery. The
cancellation of the unwanted terms ensures that the states(9) are eigenstates of the transfer
matrix τ(y). To determine3̆k, it is convenient to commute the first creation operator with
spectral parameterλk to the first place in the ansatz using the commutation rule extracted
from the relations arising from(2). That is, we write

n∏
i=1

T3ai
(xi) = T3bk

(xk)

k−1∏
i=1

T3bi
(xi)

n∏
j=k+1

T3aj
(xj )S(xk)

b1...bk

a1...ak

S(xk)
b1...bk

a1...ak
= r (xk−1/xk)

akck−1
ak−1bk−1

r (xk−2/xk)
ck−1ck−2
ak−2bk−2

...r (x1/xk)
c2bk

a1b1
. (A.1)

To obtain an unwanted term, we commuteT33 pastT3bk
(xk) using the second term in

(10) then we use the first term to commuteT33(xk) with the other terms in the ansatz until
it acts on the vacuum according to(8). The resulting equation for̆3k is

3̆kF
b1...bn = S(xk)

b1...bk

a1...ak
F bn...bk+1ak...a1

[
xkC (xk/y)

yE (xk/y)

]
(−1)n−1

n∏
j=1,j 6=k

1

E
(
xj/xk

) .

For 3k, we have two terms involved. So we write3k = 3k,1 + 3k,2; these terms
arise fromT11(y) andT22(y) respectively. With similar working to that for̆3k we find the
contribution from theT11(y) terms to be

3k,1F
b1...bn = S(xk)

c1...ck

a1...ak
F an...a1

[
C(y/xk)

E(y/xk)

]
δbk,1δdn−1,1I (xk)

L
n∏

j=1,j 6=k

1

E(xk/xj )

×r (xk/x1)
c1b1
ckd1

r (xk/x2)
c2b2
d1d2

...r (xk/xk−1)
ck−1bk−1
dk−2dk−1

×r (xk/xk+1)
ak+1bk+1
dk−1dk

r (xk/xk+2)
ak+2bk−1
dkdk+1

...r (xk/xn)
anbn

dn−1dn−2
. (A.2)

The delta functions appearing in this equation arise in the following way. Commuting
T11(xk) past the terms of the ansatz to the vacuum leads us to the termδdn−1,1. δbk,1 is
necessary as in(14) we need identify theT3bk

(y) term with theT11(y) contributions. The
contribution from theT22(y) are obtained similarly with the factorsδbk,2, δdn−1,2 being the
only difference between3k,1 and3k,2. Then with3k = 3k,1 + 3k,2 we have

3kF
b1...bn = S(xk)

c1...ck

a1...ak
F an...a1

[
C(y/xk)

E(y/xk)

]
I (xk)

L
n∏

j=1,j 6=k

1

E(xk/xj )

×r (xk/x1)
c1b1
ckd1

r (xk/x2)
c2b2
d1d2

...r (xk/xk−1)
ck−1bk−1
dk−2dk−1

×r (xk/xk+1)
ak+1bk+1
dk−1dk

r (xk/xk+2)
ak+2bk−1
dkdk+1

...r (xk/xn)
anbn

dn−2bk
. (A.3)

We may simplify this equation by contracting thec1...cn indices using the unitarity of the
r-matrix . That is,

r (x1/x2) rT (x2/x1) = I

or in component form

r (x1/x2)
b1a1
b2a2

r (x2/x1)
c1b1
c2b2

= δa1c1δa2c2.

As a result the following terms in (A.2) may be simplified

S(xk)
c1...ck

a1...ak
r (xk/x1)

b1c1
d1ck

...r (xk/xk−1)
bk−1ck−1
dk−1dk−2

=
k−1∏
i=1

δai ,di
δbk−1,ak

.
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The remainingr-matrices we convert intoL operators according to

[L(1)(x)]ij =
∑

r(x)ik,j lekl .

The unwanted terms are written as

3kF
b1...bn =

[
C(y/xk)

E(y/xk)

]
I (xk)

L
n∏

i=1,i 6=k

1

E(xk/xi)
F an...akbk−1...b1

×L(1)
n (xk/xn)

anbn

dn−2bk
L

(1)

n−1 (xk/xn−1)
an−1bn−1
dn−3dn−2

...L
(1)

k+1 (xk/xk+1)
ak+1bk+1
akdk

. (A.4)

We now insert the equations for̆3k and 3k into the equation for the cancellation
of unwanted terms and multiply throughout byS(−1)(xk). We note once again using the
unitarity of r(y) that we have

S(−1)(xk)
p1...pk

b1...bk
S(xk)

b1...bk

a1...ak
=

k∏
i=1

δai ,pi
.

The result after some simplification is

I (xk)
(−L)(−1)n

n∏
i=1,i 6=k

E(xk/xi)

E(xi/xk)
F bn...bk+1pk...p1 = [τ (1)(xk)F ]bn...bk+1pk...p1.

Working in a similar manner to the above for the computation of the unwanted terms
for the nested case leads to the equations

3̆
(1)
k = −

x
(1)
k C

(
x

(1)
k /y

)
yE

(
x

(1)
k /y

) n1∏
j=1,j 6=k

A
(
x

(1)
j /x

(1)
k

)
E

(
x

(1)
j /x

(1)
k

) n∏
i=1

A
(
x

(1)
k /xi

)
(A.5)

3
(1)
k = −

C
(
y/x

(1)
k

)
E

(
y/x

(1)
k

) n1∏
j=1,j 6=k

A
(
x

(1)
k /x

(1)
j

)
E

(
x

(1)
k /x

(1)
j

) n∏
i=1

E
(
x

(1)
k /xi

)
. (A.6)

The cancellation of3(1)
k and3̆

(1)
k leads to the equation

n1∏
j=1,j 6=s

A
(
x(1)

s /x
(1)
j

)
E

(
x

(1)
s /x

(1)
j

) n∏
i=1

E
(
x(1)

s /xi

) =
n1∏

i=1

A
(
x

(1)
i /x(1)

s

)
E

(
x

(1)
i /x

(1)
s

) n∏
p=1

A
(
x(1)

s /xp

)
s = 1, ..., n1. (A.7)
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